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I. Introduction

D UE to their light weight and high stiffness, advanced lami-
nated composites are used as primary structural components

in aircraft,and many researchpapershave focusedon the analysisof
laminated composite plates. As a practical analysis and design tool,
® nite elements have been developedbased on numerous plate theo-
ries.They includesmearedhigher-ordertheories,layerwisetheories,
and simpli® ed zigzag higher-ordertheories.An excellent review for
this research ® eld can be found in Ref. 1. The ® nite elements based
on polynomial-based theories cannot predict accurately transverse
shear stressesbecausethey satisfy neither top and bottom stress-free
conditionsnor interfacestresscontinuityconditions.Finite elements
based on layerwise theories provide accurate stresses through the
thickness.2 However, they require layer-dependentdegrees of free-
dom. Thus, they are not ef® cient at analyzing thick laminates. An
ef® cient higher-orderplate theory (EHOPT) developed by Cho and
Parmerter3 belongs to simpli® ed zigzag higher-order theories. This
provides accurate global and through-the-thickness plate behavior.
However, when implemented in a ® nite element, it requires a C1

condition between elements and a large amount of computations
are needed to calculate the element stiffness matrix.

Thus, a method to predict stress accurately without solving the
complicated equilibriumequations of EHOPT has been pursued by
Cho and Kim.4 They match the primary variables of both EHOPT
and ® rst-order shear deformation plate theory (FOPT) by assuming
the transverseshear strain energiesof both theories to be equivalent.
After obtaining FOPT solutions, the matched EHOPT in-plane dis-
placement ® eld can be used as a postprocessorto improve the FOPT
stresses and deformations. The validity of this postprocess method
was demonstrated in Ref. 4.

A numerical stress recovery technique that works in a ® nite ele-
ment framework has been developed. It has shown that a post-
process method using an orthogonal polynomial can be used in
the ® nite element method (FEM).5 The method using orthogo-
nal polynomials is ef® cient in obtaining higher-order derivatives.
However, it is not easy to apply this method to various plate ge-
ometric con® gurations. To overcome this dif® culty, the present
study proposes a numerical postprocess method that can obtain
higher-orderderivatives at the element level instead of at the global
level.

The validity of the present method is demonstrated by compar-
ing its numerical solution to analytical solutions of the postprocess
method.

II. Postprocess Method
The displacement ® elds of an FOPT and an EHOPT as a postpro-

cessor are as follows:

u a = uo
a (x1, x2) + z w a (x1, x2) u3 = w (x1 , x2) (1)
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u3 = w(x1, x2)(subscript a can be of value 1 or 2)

where N is the numberof layers, H (z ¡ zk ) is the Heavisideunit step
function, and ak

a c can be determined from layer transversematerial
properties and layer thickness. A detailed derivation of Eq. (2) can
be found in Ref. 3.

Matching the Rotational Variables

The variablesof the EHOPT can be obtained in terms of the vari-
ables of FOPT by assuming the transverse shear energy of EHOPT
and FOPT to be equivalent:

U EHOPT
shear = U FOPT

shear (3)

where Ushear denotes the transverse shear strain energy of the lami-
nated composites.

This relationship can be expressed as

( w a + w , a )(EHOPT) = C a ( w a + w , a )(FOPT) (4)

with no summation in a . C a is the matching factor. It is assumed
that the out-of-plane de¯ ection w of EHOPT is the same as that of
FOPT. A derivation of Eqs. (3) and (4) can be found in Ref. 3.

Shear Correction Factor

To improve the global response of the FOPT, shear correction
factors are introduced in the FOPT. In the present study, two ways
of calculating shear correction factors are used: 1) the iterative cal-
culation method6 and 2) the direct calculation method.7

In general, the ® rst method is more accurate than the second
becausethe shearcorrectionfactordependson the loadingcondition,
boundary condition, geometry, and layup con® gurations.However,
from the FEM perspective, the second method is better than the
® rst method. In the present Note, both methods are applied and the
results are compared.

The postprocess method ¯ owchart is given in Fig. 1.

Fig. 1 Flowchart of a postprocess method.
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III. Finite Element Formulation
To formulate a ® nite element of ® rst-order shear deformation

plate theory, each dependentvariable is expressed in terms of shape
functions and nodal unknowns:

uo
a =

N

S i = 1

Ni u
o
a i , w a =

n

S i = 1

Ni w a i , w =
n

S i = 1

Ni wi (5)

where n is the number of node points of an element and Ni is a
shape function for the i th node.

The transverse shear stress of the postprocessphase is calculated
accurately by integrating equilibrium equations through the thick-
ness. Higher-order derivatives of out-of-plane de¯ ection w need
to be calculated to obtain accurate transverse shear stresses by
integrating equilibrium equations. This makes FEM implementa-
tion of the postprocess method dif® cult. Therefore, the following
methods are proposed for numerical calculation of higher-order
derivatives: 1) interpolation method, a) local interpolation8 and
b) global interpolation5; 2) direct application of higher-order el-
ement (12-noded element, etc.); 3) application of Green theorem
to equilibrium equations9; and 4) using the difference of second
derivatives between elements.

Method 1a transforms an 8-noded element into a 12-noded ele-
ment by the least-squares ® tting of nodal values over the elements.8

Transverseshearstressescan be calculatedwithin an element but the
calculationprocessis complicated.Method1b interpolatesthe nodal
values over the global domain by using orthogonal polynomials.5

Although accurate, it is dif® cult to apply this method to various ge-
ometries. Method 2 is direct and simple because it generates third
derivatives inside of an element with the element shape functions.
However, a higher-order element is needed for this calculation. In
the present study, a 12-noded element is used for this direct calcu-
lation of third derivatives.Method 3 was used in Ref. 9. Divergence
theorem was applied to the three-dimensional stress equilibrium
equationsat the element level to utilize only the lower-order deriva-
tives. It is ef® cient if secondderivativesdo not appear in the in-plane
stress expressions.Method 4 can provide an accurate prediction of
third derivatives of w with a relatively small number of nodal val-
ues if a nine-nodedelement,which generatesconstant second-order
derivatives within an element, is used.

In the present Note, results of method 1b will be shown because
method1ahasbasicallythe same features.To applymethods2 and 4,
a Serendipity 12-noded element and a Lagrangian 9-noded element
are used.

IV. Numerical Examples and Results
Numerical solutions for symmetric cross-ply are evaluated to as-

sess the accuracy of the present postprocess method. The three-
dimensional elasticity solutions of Pagano10 for simply supported
rectangularplates under sinusoidal loading are reproduced here for
comparison. Two examples are considered: case 1, a three-layer
square laminate [0/90/0] with uniform ply thickness; and case 2, a
nine-layer square laminate [0/90/¢ ¢ ¢ /90/0].

Both plates are under sinusoidal loading conditions.The material
properties for the 0-deg layer are

E1 = 25 £ 106 psi, E2 = 106 psi, G12 = G13 = 0.5 £ 106 psi

G23 = 0.2 £ 106 psi, v12 = v13 = v23 = 0.25

To facilitate the comparison with other theories, the following
nondimensionalparameters are de® ned:

( År x x , År yy , År x y) =
h2

qoa2
( r x x , r yy , r x y)

( År yz , År x z) =
h

qoa
( r yz , r xz ) (6)

( Åu, Åv) =
E2h

2

qoa3
(u, v), Åw =

100E2h3

qoa4
w

Taking advantage of the symmetry of loading, boundary condi-
tions,and laminationcon® gurations,only quadrantsof squareplates
are used in the ® nite element analysis. In Table 3 and Figs. 3 and
4, PT(AL), PT(FE9), and PT(FE12) denote analytical postprocess
solutions,FEM solutions with a 9-noded element (6 £ 6 mesh), and
FEM solutions with a 12-noded element (4 £ 4 mesh), respectively.

Shear Correction Factor

Shear correction factors (SCFs) are introduced to improve the
global responseof a ® rst-ordersheardeformationtheorysolution.In
cross-plycases, shear correctionfactors are calculated in Table 1. In
this study,SCFs are calculatedin two ways: the ® rst is Whitney’s7 di-
rect method and the second is the iterativeone of Noor and Burton.6

Two methods generate a 7% difference in SCF k2
1 , as shown in Ta-

ble 1. Both methods provide accurate transverse de¯ ections.

Calculation of Third Derivatives
The third-derivative calculations are listed in Table 2, and their

applicationis limited to higher-orderelements. For the squareplate,
as shown in Fig. 2, regular and distorted meshes are used for deriva-
tive calculations. Compared to analytical solutions, the numerical
derivatives in the square plate were calculated within a maximum
error of 3.4% at given points in regular meshes and 4.5% error in
distorted meshes. Thus, regular mesh provides very accurate third
derivatives and, even in distorted mesh, third derivatives can be ob-
tained with reasonable accuracy.

Fig. 2 Mesh con® gurations of third derivative’s comparison.

Fig. 3 Transverse shear stresses with nine-noded element of a nine-
layered square plate (S = 4).



AIAA JOURNAL, VOL. 35, NO. 3: TECHNICAL NOTES 589

Table 1 Comparison of shear correction factor

Three-layered plate Nine-layered plate

SCF Whitney7 Noor6 Noor (FEM)6 Whitney7 Noor6 Noor (FEM)6

k2
1

0.58278 0.57992 0.57946 0.68913 0.67742 0.68506

k 2
2

0.80278 0.86500 0.85627 0.61123 0.62156 0.61997
Åw a 2.21597 2.20547 2.20881 1.82884 1.82212 1.82483

a Åw = 2.00591 (three-layered plate), 1.75897 (nine-layered plate).

Table 2 Comparison of third derivatives for [0/90/0] square laminated plate
with a = 4, h = 1, and k1 = k2 = 5

6

b = a

Regular mesh Distorted mesh (h = 11.8 deg) Analytical Analytical

pa (1.83333, 0.16667) (1.76388, 0.16667) (1.83333, 0.16667) (1.76388, 0.16667)

w ,yyy 2.10661 £ 10¡ 6 2.22195 £ 10¡ 6 2.16485 £ 10 ¡ 6 2.14610 £ 10 ¡ 6

w ,x x y 2.10449 £ 10¡ 6 2.10051 £ 10¡ 6 2.16485 £ 10 ¡ 6 2.14610 £ 10 ¡ 6

w ,x yx 2.09112 £ 10¡ 6 2.10661 £ 10¡ 6 2.16485 £ 10 ¡ 6 2.14610 £ 10 ¡ 6

aMaximum value p(2, 0): w, yyy = w ,x xy = w ,x yx = 2.20238 £ 10¡ 6.

Table 3 Maximum stresses of [0/90/0] three-layered square plate [S( = a/h) = 4]

Sourcea År x År y År x z År yz År x y

Exact10 0.8010 0.5340 0.2560 0.2172 ¡ 0.0511

¡ 0.7550 ¡ 0.5560 0.0505

EHOPT11 §0.8175 §0.6032 ¨ 0.0500
PT(AL) §0.8976 §0.6630 0.2236 0.2530 ¨ 0.0554
PT(FE12) §0.9525 §0.6809 0.2921 0.2454 ¨ 0.0572
PT(FE9) §0.8839 §0.6510 0.2263 0.2476 ¨ 0.0543
FOPT §0.4370 §0.4774 0.1968 0.3368 ¨ 0.0369

CPT10 §0.5390 §0.1800 0.3950 0.0823 ¨ 0.0213

aCPT, classic plate theory.

Fig. 4 Comparison of transverse shear stresses with 9-noded element
and 12-noded element of a three-layered square plate (S = 4).

In-Plane Stresses and Transverse Shear Stresses
The analysis results of case 1 are given in Table 3. The accuracy

of transverseshear stressesas well as in-planestressesare good.The
present method is compared to the EHOPT FEM solution11 for the
thick case (a/ h = 4). The in-plane stresses of the latter are better
than thoseof the formeras expected,but thedifferencebetweenthem
is verysmall.Thus, thepresentpostprocessmethodprovidesstresses
with an accuracy comparable to the originalEHOPT solutions.Fig-
ure 3 shows the transverseshear stressesof a nine-layeredproblem.
There is good agreement between the proposed postprocessmethod
and the exact elasticity method. In addition, the interlaminar shear
stress agrees very well with that of exact elasticity.

Comparison of Performance for the 12-Noded Element
and the 9-Noded Element

Figure 4 shows the transverse shear stresses of the 12-noded
element and the 9-noded element compared to those of elasticity

solutions.The 12-nodedelement does not predict the shape of exact
elasticity solutionsbecauseof the inaccuracyof its third derivatives.
On the other hand, the nine-noded element can generate accurate
secondderivativesin each element.Thus, the computed thirdderiva-
tives using the differenceof this second derivativebetween adjacent
elements is more accurate than those from the 12-noded element
obtained by direct calculation of the third derivative. Thus, the 9-
nodedLagrangeelementwith a higherderivativecalculationmethod
provides a better stress prediction than a 12-noded element when
compared on the basis of the same number of nodes.

V. Conclusion
This study showed that the accuracy of in-plane and transverse

stresses can be improved through the thickness of the plates by
applyinga postprocessingmethod analyticallyand numerically.Al-
though ® nite elementsbasedoncomplicatedhigher-ordertheoriesor
layerwise theories provide fairly accurate stresses, they are numer-
ically intensive. In this Note, calculationmethods to obtain higher-
order derivatives are proposed to apply the postprocess method to
isoparametric ® nite elements. Among them, the method that utilizes
the difference of second derivatives in the nine-noded element was
shown to be convenientand accurate for predicting transverse shear
stresses.

Two calculationmethods of shear correction factor are used. The
analytical and numerical solutions using the present postprocess
method demonstrate that both calculation methods of shear correc-
tion factors work well in the postprocess routine.

The present postprocess method is limited to symmetric lamina-
tion. To apply the method to various con® gurations, it is necessary
to develop a general postprocessmethod, which is now in progress.
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Nomenclature
c = speci® c heat
[C P] = capacitance matrix
e = element

f Fc g = force vector due to convection

f Fr g = force vector due to radiation
G = global
h = convective heat transfer coef® cient
[Ks] = conventional stiffness matrix
[K r ] = stress stiffness matrix
[K C] = conduction matrix
kx , ky , kz = thermal conductivities in the x , y, and z directions,

respectively
lx , ly , lz = direction cosines normal to the surface
[M ] = mass matrix
Q = heat generated within the body
q = speci® ed heat ¯ ux

f T g = nodal temperature vector
T1 = gas temperature
t = time
² = emissivity of the body
k = eigenvalue of the system
r = Stefan±Boltzmann constant
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I. Introduction

B EFORE designing a turbine blade, it is essential to know its
undamped natural frequencies, and there are various reasons

for it. Right from the start until it comes to a constant operating
speed, the rotor goes through the various blade natural frequencies.
To avoid resonance, the steady-state operating speed should not
match the system natural frequencies. As the temperature of the
turbine blade changes with time, there is a change in the material
propertiesof the turbine blade. This change in the material property
of the turbine blade is re¯ ected in the change in the conventional
stiffness matrix [Ks] of the blade, and this causes a change in the
natural frequencies of the turbine blade. There is also a signi® cant
change in the natural frequencies because of the variational effect
of the stress stiffness matrix [K r ], which is nonlinear in nature and
is caused by higher de¯ ections during the rotation of the turbine
blade.

Sato1 used the Ritz method to study the effect of axial force on
the frequencies of blades with ends restrained elastically against
rotation.Sisto and Chang2 formulateda ® nite element model to cal-
culate the natural frequencies of the blade. Their model, however,
was appropriate for thin and high-aspect-ratioblades only. Sharan
and Bahree3 did the transient-free-vibration analysis of the turbine
blade using 20-noded ® nite elements, which included the effect of
the two-dimensionalchange in temperature.The effect of the stress
stiffness matrix, caused by the rotation of the turbine blade, was not
included in their study.Warikoo4 analyzed the propeller-shafttrans-
verse vibrations.His work included the nonlinearstiffnessvariation
but did not include the effect of change in the temperature on the
transient natural frequenciesof the turbine blade. Dhar5 carried out
extensive studies of the three-dimensional heat transfer process in
the turbine blades. He found that there was signi® cant temperature
gradient along the height of the blade that was not accounted for in
the earlier two-dimensional studies.

In the present investigation, the authors study the combined ef-
fects of three types of nonlinearities (the radiative heat ¯ ux, the
nonlinear stiffness matix, and the material property variation due
to the change in the temperature) on the natural frequencies of the
turbine blade. Instead of Sharan and Bahree’s two-dimensionalheat
transfer model,3 a three-dimensional heat transfer model has been
used in the present work.

II. Mathematical Formulation
To obtain the blade frequencies as a function of time, one has to

solve the eigenvalue problem, which can be stated as

[K G ]f x g ¡ k [MG] f Èx g = 0 (1)

where [K G] is obtainedby adding [K G
s ] and [K G

r ]. Along with this,
onealso has to solve for the transienttemperatures,whichchangethe
elastic properties of the material. The three-dimensional nonlinear
heat transfer equation is given by

kx

@2T

@x2 + ky

@2T

@x2 + kz

@2T

@z2 + Q = q c
@T

@t
(2)

and its nonlinear boundary condition as

kx

@T

@x
lx + ky

@T

@y
ly + kz

@T

@z
lz + h(T ¡ T1 ) + q + r ²(T 4 ¡ T 4

1 ) = 0

(3)
The mathematical details of obtaining the global equationsusing

the ® nite element analysis for Eqs. (1) and (3) are given elsewhere.5

The global equation for Eq. (3) can be written as

[C PG ]
@f T G g

@t
+ [K C G] f T G g = {F G

c }+ {F G
r } (4)

At ® rst, one solves for the temperatures at a given instant of
time, and then the material properties are evaluated to obtain the
frequencies by solving for the eigenvalues as stated in Eq. (1).


